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Abstract. This paper outlines an application of iterated version of generalised sequential crossover of two 
languages (which in some sense, an abstraction of the crossover of chromosomes in living organisms) in studying 
some classes of the newly proposed generalised splicing (GS) over two languages. It is proved that, for X, Y 6 
{FIN, REG, LIN, OF, CS, RE}, S e FIN, the subclass of generalized splicing languages namely GS{X, Y, S), 
(which is a subclass of the class GS{X, Y, FIN)) is always regular. 

1. Introduction 

Tom Head proposed [6] an operation called 'splicing', for describing the recombination of DNA sequences 
under the application of restriction enzymes and ligases. Given two strings ua^v and u'a'P'v' over some 
alphabet V and a splicing rule a^l3$a'^P', two strings ua(3'v' and u'a' (3v are produced. The splicing rule 
a4f(3$a'^l3' means that the first string is cut between a and /3 and the second string is cut between a' and (3', 
and the fragments recombine crosswise. 

The splicing scheme (also written as H-scheme) is a pair a = {V, R) where V is an alphabet and R C 
V*^V*$V*^V* is the set of splicing rules. Starting from a language, we generate a new language by the 
iterated application of splicing rules in R. Hero R can be infinite. Thus R can be considered as a language 
over yu {#,$}. Sphcing language (language generated by splicing) depends upon the class of the language (in 
the Chomskian hierarchy) to be spliced and the type of the splicing rules to be applied. The class of splicing 
language H{FLi,FL2) is the set of strings generated by taking any two strings from FLi and splicing them 
by the strings of FL2. FL\ and FL2 can be any class of languages in the Chomskian hierarchy. Detailed 
investigations 011 computational power of splicing is found in [16]. 

Theory of splicing is an abstract model of the recombinant behaviour of the DNAs. In a splicing system, 
the two strings that are spUced, are taken from the same set and the splicing rule is from another set. The 
reason for taking two strings from the same set is, in the DNA recombination, both the objects that are spliced 
are DNAs. For example, the splicing language in the class H{FIN, REG) is the language generated by taking 
two strings from a finite language and using strings from a regular language as the splicing rules. Any general 
'cut' and 'connection' model should inc;lude the cutting of two strings taken from two different languages. The 
strings sphced and the splicing rules have an effect on the language generated by the splicing process. In short, 
we view a splicing model as having three languages as three components, two strings from two languages as the 
first two components, and a splicing rule as the third component. We proposed a generalised splicing model 
(GS: Generalised splicing) in [8], whose splicing scheme is defined as, 

(j{Li,L2,Lz) := {2:1, .22 : {x,y) \=r (^1,22), x € Li,y € L2,r € La}- 

Instead of taking two strings from same language, as being done in the theory of splicing, we take two strings 
from two different languages. We cut them by using rules from a third language. This means, taking an arbitrary 
word Wi{g Li) and an arbitrary word from W2(g L2), we cut them by using an arbitrary rule of L3. If Li = L2 
in the generalised splicing model, we get the usual i7-system. 

Motivated by the chromosomal crossover in living organisms, an operation called Generalized sequential 
crossover (GSCO) of words and languages was introduced in the paper [9]. The GSCOx operation over two 
strings uixvi and U2XV2 overlap at the substring x generating the strings U1XV2 and U2XV1. 

This GSCO operation differs with the concept of crossover of the chromosomes in two apects. First, in GSCO, 
words of different lengths can participate in a crossover, where as homologous chromosomes crossover with each 
other. Second, in GSCO crossing over occurs at only one site between the words, whereas chromosomal 
crossovers can occur at more than one site. Though the GSCO operation cannot be called as the exact 
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abstraction of the chromosomal crossover, tlie study of GSCO over languages reveals many interesting results 
such as the iterative GSCO of any language is always regular. 

Incidentally, the words generated by the crossover of two strings over the substring x, is the same as the 
words generated by the generalised splicing of the strings uixvi and U2XV2 using the splicing rule. x=ff$x=ff. The 
overlapping strings R in the GSCO has a correspondence with the set of splicing rules of the generalised splicing 
model. This correspondence motivated us to investigate the generalised splicing for some classes of languages 
in Chomskian hierarchy. 

Though one can develop a theory of generalised splicing on the lines of i?-system, in this paper we investigate 
a sub-class of the class GS{X, Y, FIN), X,Y G {FIN, REG, LIN, CF, CS, RE}. That is, we investigate the 
class (X, Y, R) where i? is a finite set of words of length 1 . 

In [9], the GSCO of unary languages and its iterated versions were defined. For the purpose of our investi- 
gation, we define the iterated GSCO for two languages Li and L2 without loosing the sense of the definition 
given in [9]. 

Section 2 gives the definition of GSCO of languages along with some results of [9] which are required for 
our study and the definition of generalised splicing as introduced in [8]. Section 3 discusses the application of 
GSCO in studying some sub classes of generalised splicing. 

2. Preliminaries 

Throughout this paper, we assume that the reader is familiar with the fundamental concepts of formal 
language theory and automata, i.e. notations finite automata [7]. 

In this section we give the formal definition of generalised sequential crossover system system as defined in [9] 
along with some results, which are required for our investigation. We also give the formal definition of generalised 
splicing as in [8] 

Definition 1. Generalised sequential crossover scheme GSCO = (S, R), where E is the finite alphabet, R CT,* 
be the set of overlapping strings; we write GSCO = as GSCOr. GSCOr is also called a R-crossover. 

When R is singleton, say R — {x}, we write GSCOx instead of GSCOr. 

For a given GSCO scheme GSCO and two words w\ = uixvi and W2 = U2XV2 € E*, we define 

GSCOx{w\, W2) = {uixV2,U2XVi G'E* : wi = uixvi,W2 = U2XV2, e ^ x e R}. 

The scheme is shown in figure 1. 



Wi = UiXVi V\ 
X 

W2 = U2XV2 ^'^2 



Figure 1 . A scheme for crossover of two strings 



Instead of writing GSCOx{uixvi,U2XV2), we also write uixvi >^ U2XV2 = {uixv2,U2XVi}, which means 
that the two strings uixvi and U2XV2 crossover over the sub-string x to generate two new words uixv2 and 
U2XVi. We also write u\xv\ >^ U2XV2 = {uixv2,U2XVi} instead of {uiXVi,U2XV2) >^ {uiXV2,U2XVi}. Then 

GSCOr{wuW2) = U Wi >^ W2. 

Obviously R should contain words which are sub-words found in both wi and W2, otherwise GSCOr{wi,W2) 
will be empty. We call the operation GSCOx, a; € S as the symbol overlapping GSCO. Similarly we call 
GSCOx, a; G S* as the string overlapping GSCO. Let sub(u;) be the set of all sub- words of w. If in a GSCO 
scheme R = sub(«;i) nsub(«;2), we simply write GSCO{wi,W2), i.e. GSC0{w\,W2) is the set of all words that 
can be generated by the GSCO of w\ and W2 with all possible overlapping. In other words, 

GSC0{wi,W2) = \^GSCOx{wi, W2), X e sub(wi) nsub(w2)- 

X 
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We extend the above definition to languages. Given any two languages Li and L2 over the alphabet Si and 
T,2 respectively such that Si n S2 7^ 0, we define 

GSCOr{Li,L2)= U GSCOr{wi,W2). 

W2GL2 

Here the underlying crossover scheme is GSCO = (Si U S2,-R). As mentioned earlier, when R = sub(Li) fl 
sub(L2) {R is the set of all possible overlapping between a word of Li and a word of L2). 

GSCOr{LuL2)= U GSCO{wi,W2). 

W2EL2 

GSCO{L,L) is written as just GSCO{L). 

In computing GSCO{wi , W2) , one has to first compute all the common sub-strings x and compute GSCOx{wi, 
W2)- For GSCO{L) we have to compute IJ^^ w2eL GSCO{wi,W2). In short, 

GSCO{L)= IJ [JgSCO{wi,W2), a; e sub(w;i) n sub(u;2), 

which increases the complexity of the computation of GSCO. We have the following theorem to reduce this 
tedious calculation of finding all the common sub-strings of all the pairs of words of a given language L. 

Theorem 1. Let wi,W2 e S*. 

GSC0{WUW2)= U GSC0a{wi,W2). 

corollary 1. GSC0{wi,W2) = {jae^GSCOa{wi,W2). 
corollary 2. GSCOiL) = U.„.,6l Uaes G5CO„(«;i, «;2). 

This corollary tells us that to compute GSCO{L) it is enough to compute the GSCO of Wi and ^2 over the 
symbols of the alphabet S and take the union of all those GSC0{wi,w2ys. 

The operation GSCO is called 1-GSCO if in all the concerned overlapping, we consider the word which has the 
prefix of the first word and the suffix of the second word as the only word generated. So IGSCO^ {uiXVi , U2XV2) = 
{U1XV2}, i.e. the operation IGSCO generates only one word. We denote IGSCO by >t<. The operation GSCO 
is called 2GSC0 if in all the concerned overlapping we consider both the words generated. So the operation 
2GSC0 coincides with GSCO. It is proved that lGSCO{L) is equal to GSCO{L) 

We define two types of iterated GSCO namely, unrestricted iterative closure of GSCO and the restricted 
iterative closure of GSCO. 

Definition 2. Given a language L, we define the language obtained from L by unrestricted iterated application 
of GSCO. This language, called the unrestricted GSCO closure of L, denoted by uGSCO*{L), is defined as 

uGSCO°{L) = L 

uGSCO'+^{L) = uGSCO\L)\JuGSCO{uGSCO\L)) 

uGSCO*{L) = \JuGSCO\L) 

i>0 

Definition 3. The restricted closure of GSCO denoted by rGSCO*{L) is defined recursively as follows:- 

rGSCO°{L) = L 
rGSCO'+\L) = rGSCO{rGSCO\L),L) i>l 
rGSCO*{L) = [jrGSCO\L) 

i>0 

Theorem 2. rlGSCO*{L) = ulGSCO*{L). 
Theorem 3. For a language L, GSCO*{L) is a regular language. 
We give the defintion of generalised splicing model. 
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Definition 4 (Generalised splicing scheme). Generalised splicing scheme is defined as a 2-tuple a = 

where E is an alphabet, and R C E*7^S*$S*#E* . Here R can be infinite, and R is considered as a set of 

strings, hence a language. For a given a, and languages L\ C S* and 1^2 C S*, we define 

a{Li,L2,R) = {zi,Z2 ■■ {x,y) \=r {z-l,Z2), for x e Li,y G L2,r G R}. 

We refer the generalised splicing scheme a = as gr. 

3. Application of GSCO to generalised splicing 

We give the definition of an iterative GSCO over two languages as well as give the iterated version of the 
generalised splicing for our purpose of investigation. 

Definition 5. Let L\ and L2 be any two languages. The iterated GSCO of Liand L2 is defined as follows. 
GSC0°{Li,L2) = (L1UL2); 

GSCO\L,,L2) = \J^,eL^.,n,,^L,GSC0\wuW2); 
GSCO'+^{Li,L2) = GSC0'{Li,L2) U GSCO{GSCO\Li),GSCO'{L2)) 
GSCO*{Li,L2) = Ui>oGSCO\Li,L2) 

GSCO* {L, L) is written as GSCO{L) itself. The above definition of iterated GSCO over two languages is 
more logical in the sense that, when Li = L2, the above iterative definition reduces to GSCO* {L) 

We define the iterated generalized splicing as follows. Let an = (E, R) be the generalised splicing scheme. 

Definition 6. Let Li and L2 be any two languages. For a given generalised splicing scheme an, the iterated 
generalised splicing of Liand L2 is defined as follows. 

4(Li,L2) = L1UL2 

(^r{Li,L2) = {z\{wi,W2) \-r Z, Wi G Li, W2 G L2, T G R] 

4(ii,i2) = 4(Li,i2)UaR(aij(Li), 4(1.2)) 
a'+\L,,L2) = 4(Xi,L2)UaK(4(Li), 4(1.2)) 

4(^1' -^2) = Uj>o4(^i'^2) 

The language of the generalised splicing of L1.L2 and R is defined as 

GS{Li,L2,R) = aULi,L2) 

aii{L,L) is written as gr^L). 

We have the following lemma whose proof is immediate. 

Lemma 1. For any two languages Li,L2, G'5CO_r(Li, L2) = '^r{Li,L2); For any langauge L, GSCOr{L) = 

Theorem 4. For any language L, GSC0}f^{L) = a}^{L),fori > 0. 

Proof. We prove by the method of induction on i. When i = 0, the result is trivially true. When i = I also, 
it is true. Assume that the result is true for i = 0, l,2...n. We have GSCO'^{L) = a'^{L). GSC0]+\L) = 
GSCO{GSCO'^{L)) U GSCO]^{L) = anicT'ljiL)) U (t^(L) = fT^+^(L). Hence the proof. □ 

Theorem 5. Let Li and L2 be any two languages. Let Vl^ and Vl^ be the alphabets of Liand L2 respectively. 
LetR = VL^ HVl^. Then 

GSC0*{Li,L2) = GS{Li,L2,R) 

Proof. We claim GSCO}^{Li, L2) = 4(^11^2), i>0. We follow the method of induction. For, i = 0, 1 it is 
true. Assume that the result is true for i = 2,3, n. Consider G5CO^+^(Li, L2) = GSC0{GSC01i{Li),GSC0'^{L2)) 
UGSCO^iLi,L2) = GSCOiaULi), ag(L2))Uc7g(Li,L2) (by induction) = c7(c7^(Li),a^(L2))Ua^(Li,L2) = 
a'^+^Li, L2). Consider GSCO%{Li, L2) = GSCO{GSCOi^\Li), GSCO'j^\L2))UGSCO}i\Lu L2) = (j{(j*j{\Li), 
4-^(1,2)) U4"^(Li,L2) = 4(^1,^2)- Thus we have, GS'COjj^Li, L2) = 4(Li,L2),for every i > 0. This im- 
plies, GSCO^tii, ^2) = 4(1-1, ^2) = GS{Li,L2,R) □ 
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Theorem 6. For any two languages and L2, GSCO*{Li,L2) = GSCO{GSCO*{Li),GSCO*{L2)) 

Proof. Let w € GSCO* (Li, 12). This implies w e GSCO*{Li, L2), for some i. Then, there exist Wi G 
GSCO'-^{Li),W2 € GS'CO*-i(L2) such that w e GSCO{GSCO'-\Li),GSCO'-\L2)) GSCO{GSCO*{Li), 
GSCO*{L2)) => GSC0*{Li,L2) C GSCO{GSCO*{Li),GSCO*{L2)). 

Let we GSCO{GSCO*{Li),GSCO*{L2)). That is, there exist wi G GSCO*{Li) andwz G GS'CO* (L2) such 
thatui G GSCO{'W\,W2)- Without any loss of any generality, we suppose that wi G GSCO^{Li) and W2 G 
GSCO^{L2) such that i < j. Since GSCO\Li) C GSCO^Li), we have, wi G GSCO^{Li) and W2 G 
GSCO^\l2) . That is, w e GSCO{GSCO^ {Li),GSCO^ {L2)). This implies, w G GSCO{GSCOi {Li),GSCOi {L2))U 
GSCO^ {Li,L2) ^we GSCO*{Li,L2) GSCO{GSCO*{Li),GSCO*{L2)) Q GSCO*{Li, L2). Hence the 
proof. □ 

corollary 3. GS{Li,L2,R) = GSCOr{GSCO*^{L^),GSCO*ji{L2)) 

Remeirk 1. The above corollary can he used to compute GS{Li,L2,R) 

Theorem 7. Let Li and L2 be any two regular languages. Then, GSCO{Li,L2)is regular. 

Proof. Here Li,L2 are two regular languages. We have two finite automata Mi = {Qi,Vi,5i,qi, fi) , 
M2 = (<52. V2, (52. (/2. /2) such that L{Mi) = Li and L{M2) = L2 respectively. If Vi n V2 is empty, the 
result is trivial. Assume that Vi fl V2 = {ai,a2,-" j^n}- We group the transitions of 61 as (5i,ai, for 
every i, 1 < i < n as follows. Si^at is the set of all transitions of 5i of the form 6i{p,ai) = q, where 
p,q e Qi, fli G Vi n V2. That is Si^ai is the set of all transitions of Mi which corresponds to an edge with label Oi 
in the transition graph of Mi. We order the transitions in 5i^ai ^'^y ^^y- We call the first transition in Si^a, as 
(5| and the second transition as 5\ g^. and so on. A transition of the form (5i(p, ai) = q,p,q G Qi,ai G Vi fl V2 
will be referred as ^i ^., for some j. Similarly, we compute the set 62,ai ^'^^ every Oj G 14 fl \^ and identify the 
transitions 62 for some j. 

We construct finite automata, Bij^ak^ for 1 < fc < n and for all possible i and j, as follows. Construction of 
-K4 : Bij^ak- 




Figure 2. Model of the automata : Bij^ak 
We define automata Bij^ak for every possible i and j. 

BiJ^ak ~ iQl U Q2 U {Qs,i,j,ak^ Qf,i,j,ak}i,j ) 

Si U 112 U {e}, S.j^ak 7 <lsA,j,ak . where Sij^ak is defined as follows. 

(1) ^iJ,ak {ls,i,3,ak y s) = Ql 

"^By {qs,i,3,ak,qf,i,j,ak}i,]^ ""c mean the set {9s,l,l,afe , 9/,l,l,afe } U {?s,l,2,ofe , ?/,l,2,afc } U • • • ^ {qs,i,j,ak,'lf,ij,ak ■■■}■ It 'S clear 
that {qs,i,j,ak,qf,i,j,ak}i,j is finite 
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(2) All the transitions of Si 

(3) All the transitions of S2 

(4) If SI f. is the transition Si{p,ak) — q, forsomep,q e Qiand if S2 is the transition S^ip'^ak) = q' , for 
some p', q' G Q2, include ^ij,aj,(g,e) = 

(5) (5jj,a,('?2,e) = g/,J,i,a, 

Bi j^^k fo'^ every possible stands for the collection of automatons viz., Bi^i a^ , -81,2,0^ i • • • ) 
B2,i,ak ' ^2,2,afc , • " " , " " " , -Bi,i,afe , -Bi,2,afc , " " " v We have the result 

GSCO{Li,L2) = [JwieLi,w2eL2GSCO{wi,W2) = [JyjieLi,w2eL2 UaGSinEj GSCOa{wi,W2). 

If e Li, W2 S Z/2 has a common symbol Ofc (which may occur more than once in wi and W2) in them, t«i and 

W2 could crossover at a^. The first occurrence of in wi may crossover with the first occurrence of W2 or the 
first occurrence of Uk in wi may crossover with the second occurrence of W2 and so on. If the word wi and W2 
crossover at the symbol Ofc such that the first occurrence of a/t in wi overlaps with the second occurrence of 
flfc in W2 generating a word w, then w will be accepted by the automaton -61,2, at- We claim that the union of 
the languages accepted by the automata Bij^a^i for every possible is GSCOa^iLi, L2) 

Claim : U,,- ^(SiJ.a J = GSCO,,{Li, L2) 



Suppose w e [J L{Bij^ak) w € L{Bij^ak) 

w& Pref{Li).ak.Suff{L2),ak G Fi n 
we Pref{wi).ak.Suff{w2),wi € Li,W2 G L2 

w e GS'COoj^(wi,w2),wi e Z/i,i«2 e -L2 



Hence, U.,, ^(S.j.a J C G^CO„, (Li, L2). 
For the other way, suppose w G GSCOa^iLi, L2). Then, there exists wi G Lx,W2 G L2 such that w G 
GSC0a^{wi,W2)- ah occurs in both wi and W2- That is, wi = uiakU2\W2 = viakV2, for some ui,U2,vi and 
t;2. We have the accepting configuration sequence for wi G Mi as qiUipakqu2fi and an accepting configura- 
tion sequence for ^2 G M2 as qiU\pakqu2fi- This implies that there is an accepting configuration sequence 
<ls,i,j,ak^QiUipakq'v2f2sqf,i,j,ak in -Bi^.a^ such that uiafcW2 G L{Bij^ak), for some In the sequence for 
Ml, afc can occur more than once. Similar is the case with M2. Hence, uiakV2 G U,; j -^(-Sj.j.afc)- That is, 
^ S Ui,j-^(-Sij,afc)- Thus, GSCOak{Li,L2) C Uj,j -^(-^ij.afc), which proves our claim. 

So far, we have constructed an automata which will accept the GSCOa^iLi, L2), for a given a^. For 
GSCO{Li, L2), wc have to consider the union of all such GSCOa^{Li, L2)'s. So, we construct an automa- 
ton whose language will be the union of the languages accepted by the automata Bij^a^t which will ultimately 
accept the language GSCO{Li, L2). We construct an automaton M = {{qs, q/} U {qs,i,j,akTQf,i,j,ak}i,j,k U Qi U 
(52, Si U S2 U {e}, 5, qs, q/), where S is defined as follows. 

(1) S{qs,e) = {qs,i,j,ak} for every i,j and G Vi ("1 V2. 

(2) All the transitions of Sij^ak^ for every i,j and Ofe. 

(3) <^(9/,w,,£) =9/• 
WcclaimL(M) =G^C0(Li.L2). LctwGX(M). Th&tis,we\Jakev,nV2\Ji,jHBi,3,ak)- we\Jak GSGOakiL 

This implies w G GSCO{Li, L2). Hence L{M) C GSC0{Li,L2). 

For the other way, let w G GSCO{L-l, L2). Then, w G Ua, GS'GOa, (^1,^2)- That is w G (Ja, U»,j HBi,j,ak)- 
Thus, w G L{M), which implies GSCO{Li, L2) C L{M). Thus, we have constructed a finite automaton M 
which accepts GSCO{Li, L2). Hence, GSCO{Li, L2) is regular. □ 

Theorem 8. Let Li and L2 he any two languages. Then, GSCO* [Li, L2) is also regular. 



Proof. Wc have GS'GO*(ii, L2) = GSCO{GSCO*{Li),GSCO*{L2)). GSCO*{Lx) and GSCO*{L2) are regu- 
lar. By theorem 7, GSCO*{Li,L2) is regular for any Li and ^2- D 
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Figure 3. Model of the automaton M 



Though one can investigate the theory of generaHsed splicing on the lines of H — System, we attempt to inves- 
tigate a subclass of the class of generalised splicing languages GS{X, Y, FIN), where X,Y ^ {FIN, REG, LIN, 
CF,CS,RE}. That is, we investigate the sub class GS{X,Y,R), where R is the alphabet of the languages in 
the class X and Y, which is finite. The following theorem tells that GSCO*{X, Y, R) are always regular. 

Theorem 9. GS{X,Y,R), where X,Y & {FIN,REG,LIN,GF,GS,RE},R is the common symbols of the 
languages in X and Y, is regular. 

Proof. We have, for any two languages Li,L2, GS{Li,L2,R) = GSCO{GSCO* {L^),GSCO* {L2)), where R is 
the common symbols between the alphabets of Li and L2. By theorems 7, 8, we have the result GS{X, Y, R) is 
regular. □ 

Thus, we have found that the class of generalised splicing languages GS{X, Y, R) where X, Y, R are as 
mentioned above, are regular. We note that GS{X,Y,R) = GSC0{GSC0*{Li),GSC0*{L2)), where R is the 
set of common symbols between the alphabets of Li and L2. 

This result holds for any set R' (which has only symbols: words of length 1) such that R C R'. The 
elements in the set R' — R will not be the common symbols of the languages in X and Y . In that case, 
GS{X, Y, R') will be equal to GS{X. Y, R) since, the symbols which are participating in the crossover operation 
not common to the languages , will yield only empty sets. In a more general sense, we have the result that, for 
X,Y € {FIN, REG, LIN, CF, GS, RE}, S e FIN such that S contains only words of length 1, the subclass of 
generalized splicing languages namely GS{X,Y,11), (which is a subclass of the class GS{X,Y,FIN)) is always 
regular. 
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4. Conclusion 

In this paper, we have applied an operation namely GSCO over languages to study some sub classes of gener- 
alised spUcing languages. Using the GSCO operation, it is proved that, for X,Y & {FIN, REG, LIN, CF, CS, RE}, S e 
FIN such that E contains only words of length 1, the subclass of generalized splicing languages namely 
GS{X, Y, S), (which is a subclass of the class GS{X, Y, FIN)) is always regular. 

This paper gives a scope for developing the whole theory of generalised splicing in similar lines to the theory 
of if-system, which in some sense, is a journey from two dimensions to three dimensions. The extensive study of 
generalised splicing can help both in il-system as well as generalised splicing (if Li = L2 in generalised splicing, 
we get back if-system). 

This study can be extended to study the other classes of generalised splicing languages. 
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